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Abstract. In this paper, we obtain some inequalities by using a kernel and 
an inequality which is a result of Young inequality. Besides we give some 
applications to special means. 



1. Introduction 



Let / :/ Cl- > 1 be a convex function on the interval 7 of real numbers and 
a, b 6 7 with a < b. The inequality 



is well known in the literature as Hermite-Hadamard's inequality for convex func- 
tions [1 . 

In [2], Dragomir and Agarwal proved one lemma and some Hadamard's type 
inequalities for convex functions as following: 



Lemma 1. Let f : 7° C R — > R be a differ antiable mapping on 7°, a, b € 7° with 
a < b. If f G L [a, b] , then the following equality holds: 



f(a) + f(b) 



1 



b — a 



f (x) dx 



b — a 



(l-2i) /' (to +(!-*) b)dt. 



Theorem 1. Let f : 1° C R — > R fee a differ antiable mapping on 1° , a, b g 7° to^/i 
a < b. If | /'| is convex on [a, 6] , i/ien t/ie following inequality holds: 



/» + /(&) 



1 



b — a 



f (x) dx 



< 



(b -a)(\f(a)\ + \f'(b)\) 



■> R 6e a differ antiable mapping on 1° , a, 6 € 1° 
a < b, and let p > 1. If the new mapping \,f'\ P P is convex on [a,b] , f/ien i/ie 



Theorem 2. Le£ / : 7° C 

a < b, and let p > 1 . 7/ < 
following inequality holds 

f(a) + f(b) 1 



b — a 



f (x) dx 



< 



(b-a) 
2(p+l) 



i/p 



(i/w^+i/'wr 7 ^ 



We recall the well-known Young's inequality which can be stated as follows. 

ifey words and phrases. Young inequality, holder inequality, power-mean inequality. 



Theorem 3. (Young's inequality, see [3], p. 117) lfa,b>0 andp,q > 1 satisfy 
i + - = 1, t/iera 

(1.2) ao<— + — . 

P 9 

Equality holds if and only if a p = b q . 

l-p j_ 

Remark 1. ^ If we take a = t^~ and b = tp« in il.2\) , we have 

(1.3) i < iti-i + f i _ i 

P VP/ 

/or a/Z i G [0, 1] . 



In the following sections our main results are given. 



2. New Results 



a, 6 G 7° wit/i a < b. If /, /' G i [a, 6] , /or p, q > 1, 1 + 1 = 1, £/ie following 



Theorem 4. Lei / : 1° C 

a, o G 7° ™f/i i 
inequality holds: 

/» + /(&) 1 



fee a differ antiable convex mapping on 1°, 



2 6- a 

Proof. By Lemma [T] in J] we have 
/(a) + /(*») 



/ (a:) 



< 



(p + l) 1+ p 



I/' (x)\ q dt 



(2.1) 



1 

6 — a 



f (x) dx = 



b-~ 



(1-2*) /' (to +(1-*) 6)di. 



As we choose / is convex on 1° by using Hadamard's inequality, we can see that 
both sides are positive of Lemma 2.1 

On the other hand by using Young's inequality we have (t G [0, 1] , p > 1) 



1 i 
1 < -t» 
P 



1 - - | /" 

P, 



which is proved in [4]. If we integrate both sides of above inequality respect to t 
over [0, 1] we get 

(2.2) l<jf f^-i+fl-^jt^dt 

By multipliying both sides of (|2.1j) and f|2.2|) we have 



f{a) + f(b) 



1 



b — a 



f (x) dx < 



(2.3) 



x / (1 - 2t) /' (ta + (1 - t) b) dt 
Jo 
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To use Holder's inequality we apply properties of ablosute value as 



/(«)+/ (b) 1 



/ (x) dx 



x / \(l - 2t) f (ta + (1 - t) b)\ dt 
Jo 



By using Holder's inequality we have 



f(a) + f(b) 1 



b-. 



2 y 



/ (x) 



1 - - ) *5 I dt 



\\-2t\ v dt 



\f (ta+ (1 -t) &)| 9 <ft 



b — a / 2p 



2 VP+ 1 



(1 - 2tfdt + / (2t- 



x ( ^ |/'(£a+ (1 



6 — a ( 2p 



1 



2 VP+ 1/ VP+ 1 
By simple calculation we get the desired result. 



|/' (ia + (l-f) 6)|*di 



□ 



Corollary 1. J/ we choose p = q = 2 in Theorem^ we have 
f(a) + f(b) 1 



2 b - a 

Theorem 5. Let / : f C 1 

a,b e 1° with 
inequality holds: 

/(") + / (6) 1 
2 6- a 



/ (x) 



< 



3i 



i/' wr* 



— > R fee a differantiable convex mapping on 1°, 
a,b G 7° wi£/i a < b. If f,f G L [a, 6] , for p,q > 1, i + i = 1, £/ie following 



Proof. The same steps are followed as in Theorem @] until (|2.3[) . Then we know 
that the function 



/ (*) = 1 - 2t 
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is nonincreasing on [0,1], and since / is convex, /" is positive on 1° . So /' is 
nondecreasing. By using these phrases we can use Chebyshev inequality as: 



f(a) + f(b) 1 



< 



2 b-a 



o \P 



f 0) dx 

' '/-),// 

P 



x (1 - 2t) f (ta + (1 - t) b) dt 



< 



tp dt 



o \P 



x (1 - 2t) dt / /' (to + (1 - t) b) dt 



dt 



x / (1 - 2t) dt 
Jo 

Since both of the functions {j,^ 1 + fl — j^j t*j and (1 — 2t) are nonincreasing, 
we can use Chebyshev inequality again as: 



f(a) + f(b) 1 



2 b 

By simple calculation, the proof is completed 



□ 



Corollary 2. If we choose p = 1, 1 in Theorem^ we have 



f(a) + f(b) 1 



b — a 



f(x)dx<^[f (b)-f(a) 



— > K fee a differantiable convex mapping on 1°, 
a, b e 7° im£/i a < b. If f, f £ L [a, b] , /or p, q > 1, | + | = 1, £/ie following 



Theorem 6. Lei / : J° C 

a, 6 e 7° rnf/i 
inequality holds: 

f(a) + f(b) 1 



b — a 



f (x) dx 



< 



2?p 



(p + 1) (6 -a) W a 



a + 6 



I/' (aOrdz 



Proof. The same steps are followed as in Theorem |4] until ()2.3[) . Then by using 
convexity of / and properties of absolute value we have 



f(a) + f(b) 1 



6- 



/ (x) dx 



< 



b-a f 1 fl x-i 



tp- 1 + I 1 ) ) dt 

o VP V P j 



x / |(1 - 2t) f (ta + (1 - 1) 6)| dt. 
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By using Power-mean inequality we have 
f(a) + f(b) 1 ''' 



(2.4) 



/ 0) dx 



< 



b — a 

Jo \P 
I J \l-2t\dt 



tp dt 



|(l-2f)||/' (ta + (l-t)b)\ q dt 



2?p 
P + l Wo 



|(l-2t)||/' (ta + (l-t)b)\ q dt 



And using the change of the variable x = ta+ (1 — t) 6, t e [0, 1], inequality (|2.4|) 
can be writen as 



f(a) + f(b) 1 



/ (a;) dx 



< 



2?p 



(p+l) (6 -a) W a 



a + b 



2 6 - a . 

Then the proof is completed. 
Corollary 3. If we choose p = q = 2 in Theorem® we have 



\f (x)\ q dt 



a 



f(a) + f(b) 



f (x) dx 



< 



2i 



a + b 



\f (xWdx 



3. Applications to special means 



We now consider the applications of our Theorems to the following special means 
The arithmetic mean: A = A (a, b) := ^±6, a , b > 0, 

if n — h 

a,b>0, 
a,b>0, 



The geometric mean: G = G (a, b) := vao, a, b > 0, 
The harmonic mean: H = H (a, b) := a, 6 > 0, 

. . . fa if a = b 

The logarithmic mean: L = L (a, b) := ^ ;,_ a ^ , ^ 

if a = b 



In 6— In a 



The Identric mean: I = I (a, b) 

The p-logarithmic 
p 6 K\{-1,0}; a, 6 > 0. 



a 

i f b" > 77 



e V a 



if a^b 



L p (a, 6) 



b p+i_ a p+i 



(p+l)(b-a) 







if 

if a — b 



The following inequality is well known in the literature: 

H <G <L <I < A<K 

It is also known that L p is monotonically increasing overp € R, denoting L\ = A, 
Lq = I and L-i = L. 

The following propositions holds: 
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Proposition 1. Let a.b 6 M + , a < b and n € N, n > 2. Then, we have 

i 

(3.1) \A (a", b n ) - L n (a, b)\ < w ^ ( 6 ~ °{ ' ^n-i (<lj 6) _ 

(p+1) +5 

Proof. The proof is immediate from Theorem |4] applied for /(a;) — x n , x € 



□ 



Proposition 2. Lei a, 6 € M + , a < b and n £ N, n > 2. Then, for all p > 1, the 
following inequality holds: 



(3.2) 



A (a", 6") - L n (a, 6) < - P ^. ^ , [b n - a n ] 



(p+l)(2p + l) 

Proof. The proof is immediate from Theorem [5] applied for /(x) = x™, x G 



□ 



Proposition 3. Lei a,b G M + , a < b and n G N, n > 2. Then, for all p > 1, the 
following inequality holds: 



(3.3) |A (a", (a, 6)| < 



2?p 



(p+1) (6- a) 



I/' (x)| 9 dx 



Proof. The proof is immediate from Theorem [5] applied for /(x) = x", x G R. □ 



Proposition 4. Lei a,6 G M + , a < b. Then, we have 



A(a~ 1 ,b- 1 ) -L- X (a,6)| < 



(p+l) 1+ - 

Proof. The proof is obvious from Theorem [4] applied for f(x) — 1/x, x G [a, 6]. □ 



Proposition 5. Let a,b G R + , a < b. Then, we have 

pip -I) 



Aia-\b-') -L- L (a,b) < 



1 1 



(p+l)(2p + l) 

Proof. The proof is obvious from Theorem [3] applied for /(x) = 1/x, x G [a, 6]. □ 



Proposition 6. Let a,b G R + , a < b. Then, we have 



(a -1 , -L- 1 (a, 6) | < 



2?p 



(p + 1) (6- a) W a 



a + & 



-x 2 | 9 cZx 



Proof. The proof is obvious from Theorem [6] applied for /(x) = 1/x, x G [a, 6]. □ 
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